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Anahtar kelimeler Ozet

Proksimiti uzaylar;
Relator uzaylar;
Tanimsal yaklasimlar;

Yaklagimliyarigruplar.  @zellikleri incelenmistir.

Bu makalede proksimal relator uzaylarinda yaklasimli yarigruplar ve ideallere girig yapilmistir. Tanimsal
proksimiti bagintisi ile birlikte dikkate alinan dijital goriintilerde yaklagimli yarigrup ve ideal 6rnekleri
verilmistir. Bundan baska, nesne tanimlamasi homomorfizmasi kullanilarak tanimsal yaklagimlarin bazi

Yaklasimli Yarigruplar ve idealler: Dijital Gériintiilerin Cebirsel

incelenmesi
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In this article, approximately semigroups and ideals in proximal relator spaces have beenintroduced. In
addition to, some examples of approximately semigroups and ideals in digital images endowed with
descriptive proximity relation have been given. Furthermore, some properties of descriptively
approximations using object descriptive homomorphism have been obtained.

1. Introduction

The concept of ordinary algebraic structures are
consist of a nonempty set of abstract points with
one or more binary operations which are required
to satisfy certain axioms such as a groupoid is an
algebraic structure (4,°) consist of a nonempty set
A and a binary operation “o” defined on A (Clifford
and Preston,1964). And binary operation “o”
be closed in A whereas in proximal relator spaces,

must

the sets are composed of non-abstract points
instead of abstract points and these points are
describable with feature vectors in. Descriptively
upper approximation of a nonempty set is obtained
by using the set of points composed by the
proximal relator space together with matching
features of points and these are the basic tools for
defining algebraic structures on proximal relator
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spaces and binary operations on any groupoid A in
relator space must be
descriptively upper approximation of A.

proximal closed in

Moreover an example of approximately semigroup
on digital
proximity relation has given.

images endowed with descriptive

2. Preliminaries

Let X be a nonempty set. Family of relations R on a
nonempty set X is called a relator. The pair (X, R)
(or X(R)) is a relator space which is natural
generalisations of uniform spaces (Szaz, 1987). If
we consider a family of proximity relations on X,
we have a proximal relator space (X, Rs) (X(Rs)).
As in (Peters, 2016), (Rs) contains proximity
relations namely, Efremovic proximity &
(Efremovig1951;1952), Lodato proximity (Lodato,
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1962), Wallman proximity, descriptive proximity 6o
in defining Rs,, (Peters, 2013;Peters et al. 2014).

In this article, we consider the Efremovigroximity
6 (Efremovic 1952) and the descriptive proximity
do in defining a descriptive proximal relator space
(denoted by (X, Rs,,)).

An Efremovicproximity & is a relation on 2% that
satisfies

1. ASB = B6A.
2.A0B=> A+ @and B # Q.
3.ANB+# @ = A6B.

4. A5(B U C) & ASB or ASC.
5.{x}6{y} o x=y.

6. EF axiom. A 6B = 3E € X such that A 6F and
E°6B.

Lodato proximity (Lodato, 1962) swaps the EF
axiom 2. for the following condition:

A6B and Vb € B,
{b}6C = ASC. (Lodato Axiom)

In a discrete space, a non-abstract point has a
location and features that can be measured
(Efremovic 1952; 2011). Let X
nonempty set of non-abstract points in a proximal
relator space (X, Rs,,) and let ® = {¢1, ..., ¢n} a

set of

Kova, be a

probe functions where aprobe
function®: X — R represents a feature of a sample
point in a picture. Let
D(x) = (p1(x), ... , Pa(x)), n € N be an object
description denote a feature vector for x, which
provides a description of each x € X. To obtain a
descriptive proximity relation (denoted by é4), one

first choose a set of probe functions.

Definition 2.1.(Set Description, Naimpally and
Peters, 2013) Let X be a nonempty set of non-
abstract points, @ an object description and A a
subset of X. Then the set description of A is defined

as

Q(A) ={®(a):a€ A}.

Definition  2.2.(Descriptive  Set
Naimpally and Peters, 2013; Peters and Naimpally,
2012) Let X be a nonempty set of non-abstract

points, A and B any two subsets of X. Then the

Intersection,

descriptive (set) intersection of A and B is defined
as

ANB={x€AUB: ®(x) € 9(4) and ®(x)
€ 9(B)}.

Definition 2.3.(Peters, 2013) Let X be a nonempty
set of non-abstract points, A and B any two subsets
of X. If 9(A) n Q(B) # @, then A is called
descriptively near B and denoted by Ad+B. If

Q(A) N Q(B) = @ then A_b6+ B read asA is
descriptively far from B.

Definition 2.4.(Descriptive Nearness Collections,
Peters, 2013) Let X be a nonempty set of non-
abstract points and A any subset of X. Then the
descriptive nearness collection é(A) is defined by

¢0(A) ={B € P(X): ASoB}.

(Peters, et al. 2015) Let (X, Rs, ) be descriptive
proximal relator space and A < X, where Ais
consist of non-abstract objects. And let (4,-) and
(Q(A),°) be groupoids. Let consider the object
description® by means of a function

P:AcX->Q(A)CR,
a ®(a), a€A.

The object description @ of A inQ(A) is an object
description homomorphism if

®(a-b)=d(a)o ®(b)foralla, b eA.

Moreover descriptive closure of a point a € A is
defined by

clo(a) ={x e X: ®(a) = ®(x)}.

Descriptively lower approximation of the set Ais
consist of a € A which descrition of descriptive
9(clo(a)) are
descriptionQ(A). This discovery process leads to
the construction of what

closure subsets of set

is known as the
descriptively lower approximation of A € X, which
is denoted by ®.A.
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3. Main Results

Definition 3.1. (Descriptively Lower Approximation
of a Set) Let (X, Rs, ) be descriptive proximal
relator space and A c X. A descriptively lower
approximation of A is defined as

®.4 = {a € 4: Q(clo(a)) S Q(A)}.

Definition 3.2.(Descriptively Upper Approximation
of a Set) Let (X, Rs, ) be descriptive proximal
relator space and A < X. A descriptively upper
approximation of A is defined as

DA = {x € X: x6+A}.

Definition 3.3.(Descriptively Boundary Region) Let
BndsA denote the descriptively boundary region of
a set A € X defined by

DppaA = P*A\DP.A = {x: x € P*A and x ¢ P.A}.

Lemma 3.4.Let (X, Rs,,) be descriptive proximal
relator space and A, B c X, then

() QAN B) =Q(A) N Q(B),
(i) (AU B) = Q(4) L 9(B).
Proof. (i)
Q(ANB) ={d(x):x€E AN B}
={P(x):x €A} N {P(x): x € A}
=0(4) nQ(B)
(ii)
Q(AUB) ={®(x):x€ AU B}
={D(x):x €A} U {®P(x): x € A}
=0(4) Vv Q(B)

Theorem 3.5.Let (X, Rs,) be descriptive proximal

relator space and A, B c X. Then the following
statements hold.

(1) (d.4) € A C (d*A),
(2) @*(A U B) = (d*A) U (¢*B),

(3) ®.(ANB) = (®.A) n (P.B),

(4) If A € B, then (®.4) € (d.B),
(5)If A € B, then (®*A) € (®*B),
(6) ®.(A U B) 2 (9.4) U (P.B),
(7) ®*(A N B) € (d*4) N (d*B).

Proof. (1) Let a € ®.A, then Q(clo(a)) S Q(A),
where a € A. Hence (®.A) € A. Lleta € A anditis
obvious that ®(a) € Q(4), that is ®(a) N Q(4) #
Pand so adeA. Therefore a € ®*A and then
A C D*A.

By Lemma 3.4. proofs of (2) and (3) are obvious.

(4) Let A € B, then A N B = A. From statement (3)
we have ®.4 = ®.(4 n B) = (®.4) n (®.B).
Hence (®.4) € (®.B).

(5) Let A € B,then A U B = B. From statement (2)
we get ®*B = ®*(A U B) = (®*4) U (®*B). This
implies that (®*4) € (®*B).

(6) Since A AU Band B < AU B, by (4) we have
(®.A) € ®.(AUB) and (®.B) € ®.(A U B).
Hence (®.4) U (®.B) € ®.(A U B).

(7) We know that AN B € Aand A N B € B. From
statement (5) we have ®*(4 N B) € (®*4) and
®*(A N B) € (®*B). Thus ®*(A N B) € (®*4) n
(®*B).

Definition 3.6.Let (X, Rs,) be descriptive proximal

relator space and let “” be binary operation
defined on X. A subset G of the set of X is called a
descriptive approximately groupoid in descriptive
proximal relator space if x - y € ®*G, Vx,y € G.

Suppose that G is a descriptive approximately
groupoid with the binary operation “” in (X, Rs,, ),
gEG and A,BCSG. We define the subsets
g-AA-g A-BC®'GC X as follows:

g-A =gA={ga:a €A},
A-g=Ag=1{ag:a € A},

A-B=AB={ab:a€ A, b€ B}.
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Lemma 3.7.Let (X, 84) be descriptive proximity 1l.x - yeE®*S,Vx,yES.
space and A, B c X. If &: X - R is an object

descriptive homomorphism, then 2. (x-y)-z=x-(y-2z) property verify on

O*S, Vx,y,Z€ES.
Q(A)Q(B) = Q(4B).

Proof Let an approximately semigroup has approximately
identity element e € ®*Ssuchthatx-e=e-x =
Q(A)Q(B) ={®(a)®(b):a€A beEB}x, Vx€S. Then S is called an approximately

={®(ab):a€ A, beB}=0Q(A B) oid in a descriptive proximal relator space.
letx -y =1y-x Vx, y €S property holds in ®*S.
Theorem 3.8.Let (X, 8s) be descriptive proximity
space and A, B c X. If ®: X - R is an object
descriptive homomorphism, then

Then S is commutative approximately semigroup in
descriptive proximal relator space.

O AN (DB = G (AB Example 3.11.Let X be a digital image endowed
( ) ) = @*(4B). with descriptive proximity relation 8¢ and consists

Proof. Suppose that x € (®*4)(®*B), then x = ab  0f 25 pixels as in Fig. 1.
with a € ®*A and b € ®*B. Thus ®(a) € 9(A)
and ®(b) € Q(B). Since @ is an object descriptive
homomorphism ®(a)®(b) = ®(ab) € Q(A)Q(B)
and so by Lemma 3.7.®(x) € Q(AB), that is
x € ®*(AB). Therefore (®*A)(®*B) c ®*(AB).
Similary we obtain ®*(4B) c (®*A4)(®P*B) and so
(®*A)(d*B) = d*(AB).

Theorem 3.9Let (X, 80) be descriptive proximity
space, A, B c X. If &: X - R is an object
descriptive homomorphism, then

Figure 1: Digital image

(®.4)(P.B) c .(4B). . . P
A pixel x;; is an element at position (i, j) (row and

Proof. Let x € (®.A)(®.B), then x = ab with column) in digital image X. Let ¢ be a probe

a € ®,A and b € ®.B. Thus Q(clo(a)) € Q(A), function that represent RGB colour of each pixel
Q(clo(b)) € Q(B) and so y€X where®(a) aregiveninTablel.

=d(y) € 9(4), o (b) = @(y) € 9(B). ble 1. RGE codes of each bixel i Fig. 1

Since @ is an object descriptive homomorphism Table 1. RGB codes of each pixel in Fig. 1.

@(a)P(b) = P(ab) = P(y) € 2(4)2(B) and Red  Green Blue Red Green Blue
from Lemma 3.7.®(ab) = ®(y) € Q(AB). Then

Q(Clcp(ab)) c Q(AB), thatisx=ab € CD*(AB). x11 204 204 204 X34 204 204 204
Consequently (®.4)(®.B) c ®.(4B). xy, 51 153 255 X35 204 255 255
3.1 Approximately Semigroups and Ideals X3 204 255 255 X417 51 153 255
Definition 3.10. Let (X, Rs, ) be descriptive X1 204 204 204 Xp 204 204 204
proximal relator space and ™" be a binary . s 153 255 Xy 51 153 255
operation defined on X. S < X is called an

approximately semigroup in descriptive proximal X1 0 102 153 X4q 204 204 204
relator space if the following properties are X27 102 255 255 X4s 204 204 204

verified:
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X33 O 102 153 Xs1 51 153 255
Xps O 102 102 x5, 204 255 255
Xp5 204 204 204 X535 204 204 204
x3; 204 204 204 Xs4 O 51 255
X3; O 51 255 Xss 102 255 255
X33 0 102 102
Let
XXX X

(xij, Xi1) = Xij * Xt = Xpr
where p = min{i, k} and r = min{j, [}
be a binary operation on X and
A = {x21, x22, X32, X33}be a subimage (subset) of
X.
We can compute the descriptively upper

approximation of A by using the Definition 3.2.
D*A ={x; € X:644}, Q(A) =
{p(xy): xij € A}. Then ¢p(x) N Q(A) # @ such
that x;; € X. From Table 1, we obtain

where

9(4)  ={p(x21), ¢(x22), p(x32), P(x33)}
={(0,102,153), (102,255,255),

(0,51,255), (0,102,102)}

Hence we get

®*A = {x21, X22, X23, X24, X32, X33, X54, X55}

as shown in Fig. 2.

Figure 2: ®*A

Since
1. For all xyj, xi1 € A, xij - x11 € DP*4,

2. Forall xi, Xk1, Xmn € A, (Xij * Xk1) * Xmn=
Xij + (XK1 xmn) property holds in ®*4,

are satisfied, the subimage A of the digital image X

is indeed an approximately semigroup in
descriptive proximity space (X, 64) with binary
operation “ - ”. Moreover, since X;j * X = Xk *

xij, for all xi;, xxi € A property holds in ®*4, A is a

commutative approximately semigroup.

Notice that in Example 3.11 proximal identity
element is not unique.x33 and xss € ®*A have
feature ofa proximal identity element. So Adoes
nothave an unique identity element and4 is not a
commutative approximately monoid.

Example 3.12. Let X be a digital image endowed
with descriptive proximity relation 6o and consists
of 16 pixels as in Fig. 3.

X3 X14
.\:'?" +4l| ’ ‘
X33 D14

I
:Tu

Figure 3: Digital image Xand S c X

X44

A pixel x;; is an element at position (i, j) (row and
column) in X. Let ¢ be a probe function that
represents RGB colour of each pixel are given in
Table 2.

Table 2. RGB codes of each pixel in Fig. 3.

Red Green Blue Red  Green Blue
Xy O 151 255 X31 0 151 255
X, O 151 255 X3, 103 183 255
X13 130 255 255 X33 121 212 211
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X4 200 204 255 X34 205 205
Xy 170 153 170 X4 130 205
X, 103 102 255 X4y 202 210
X3 224 255 187 X43 121 212
X24 103 102 255 X44 200 230
Let

wXXX-X

(xij, Xkl) = Xij © Xkl = Xpr,
p = min{i, k} and r = min{j, [}
be a binary operation on X and
S= {XZ1, X23, X24, X32, X34, X42, X43}
a subimage (subset) of X.
We can the

compute descriptively

216

255

187

211

255

upper

approximation of S by using the Definition 3.2.

DS ={xij €X:xij64S}, where
{p(xij): xij € S}. Then ¢(xi) N Q(S) # @ such

that x;; € X. From Table 2, we obtain:

9S) = {p(x21), P(x23), P(x24), P(x32),

@ (x34), , P(x42), Pp(x43)}
= {(170,170,170),(224,208,187),

(103,183,255), (205,205,216),
(202,210,187), (121,212,211)}

Hence we get
DS = {x21, X22, X23, X24, X32, X33, X34, X42, X43}

as shown in Fig. 4.

X3 X14
i i3 X34
|
1
Xq1 X42 N"n X44

Q(8) =

Figure 4: ®*S
by Definition 3.10., since
1. For all xij, X1 € S, xij - x11 € DS,

2. For all xij, Xkt, Xmn € A, (Xij * Xk1) * Xmn =
Xij - (XK1 + xmn) property holds in ®*S,

are satisfied, the subimage S of the digital image X

is indeed an approximately semigroup in
descriptive proximity space (X, 64) with binary
operation “ - ”. Moreover, since X * Xii = X1 *

xi, for all xij, xix € S property holds in ®*S, S is a

commutative approximately semigroup.

Definition 3.13.Let T be a nonempty subset of
approximately semigroup S in (X, Rs,). T is called
an approximately subsemigroup of S if TT € ®*T.
In other words, T is an approximately semigroup
with the binary operation of S restricted to T.

Example 3.14.From Example 3.12., let we consider
approximately semigroup
S = {X21, X23, X24, X32, X34, X42, X43} in descriptive

I’

proximity space (X, 6¢) with binary operation

Let T = {x21, x23, x32} be a subimage (subset) of
S < X. We can compute the descriptively upper
approximation of T by using the Definition 3.2.
T = {xi; € X: x;j04T}, where Q(T) =

{p(xy): xij € T}. Then ¢p(xij) N Q(T) # @ such
that x;; € X. By Table 2, we obtain

Q(T) {d)(le)l ¢(x23)l ¢(x32)}
{(170,170,170), (224,208,187),
(103,183,255)}.

Then we get @*T = {x21,x22,X23,x32}. By

Definition 3.13., since TT € ®*T property holds,
the subimage T of the digital image S < X is
indeed an

approximately subsemigroup in

descriptive proximity space (X, 64) with binary

« n

operation “ - ”.

Definition 3.15. Let (X, Rs, ) be descriptive

proximal relator space, S be a approximately
semigroup and @ =1 C S.
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(1) I is called an approximately left ideal of S if ®*I
be a left ideal of S, that is S(®*I) € ®*I.

(2) I is called an approximately right ideal of S if
®*[ is a right ideal of S, that is (®*I)S € ®*I.

(3) I'is called an approximately bi-ideal of S if ®*I
is a bi-ideal of S, that is (®*)S(P*I) € O*I.

Example 3.16. From Example 3.12., let we consider
approximately semigroup
S = {x21, X23, X24, X32, X34, X42, X43} in descriptive
proximity space (X, 8¢) with binary operation “ - ”.
Let | = {x21, X23, X24, X32, X42} be a subimage
(subset) of § < X. We can compute the
descriptively upper approximation of [ by
Definition 3.2. ®*I = {x;; € X: x;j04/}, where

QD) = {p(xy): xy € I}. Then P(xy) N Q) # @

such that x;; € X. From Table 2, we obtain

Q) = {¢(x21), P(x23), P(x24), P(x32), Pp(x42)}
= {(170,170,170),(224,208,187),

(103,183,255), (202,210,187)}

Then we get @*I = {x21, X22, X23, X24, X32, X42}. By
Definition 3.15., since S(®*I) € ®*I property
holds, the subimage I is indeed an approximately
left ideal of the digital image S in descriptive
proximity space (X, 6o) with binary operation “ - ”.
Furthermore, since S is a commutative
approximately semigroup, we observe that I is also

approximately right and bi-ideal of S.

Example 3.17.By Examples 3.12. and 3.14., let we
consider approximately subsemigroup T =

{x21, x23, x32} © S in descriptive proximity space

(X, 6¢) with binary operation “ - ”.

By Example 3.14. we know that descriptively upper
approximation of T is ®*T = {x21, X22, X23, X32}.
Then by Definition 3.15., since S(®*T) € @*'T
property holds, the approximately subsemigroup
(subimage) T is indeed an approximately left ideal
of the digital image S in descriptive proximity space
(X, o) with binary operation “ - ”. Furthermore,
since S is a commutative approximately semigroup,
we observe that T is also approximately right and
bi-ideal of S.

3.17., we observe that the

subsemigroup

In  Example
approximately (subimage) T is

indeed an approximately left ideal of S in (X, §s).

Example 3.18. From Example 3.12., let we consider
approximately semigroup
S = {x21, X23, X24, X32, X34, Xa2, X43} in descriptive

‘e’

proximity space (X, 8¢) with binary operation

Let K = {x34, x43} be a subimage (subset) of S c
X. We can compute the descriptively upper
approximation of K by using the Definition 3.2.
D*K = {x;; € X: x;j04K}, where Q(K) =

{¢p(xij): xij € K}. Then ¢p(xij) N Q(K) # @ such that
X € X. From Table 2, we obtain

{@(x34), P(x43)}
((205,205,216), (121,212,211)}

Q(K)

Then we get ®*K = {x34, X33, x43}. By Definition
3.13.,, since KK < ®*K property holds, the
subimage K of the digital image S c X isindeed an
approximately subsemigroup in (X, o) with binary
operation “ - ”. But since

S(®*K){x21, x22, X23, X24, X32, X33, X34, X42, X43 } DK

subimage K is not an approximately left ideal (right
or bi-ideal) of S in (X, 84).

(subset)
J = {x24, x42} of S € X is also an approximately
subsemigroup of §, it is not an approximately left
ideal (right or bi-ideal) of Sin (X, 6s).

In addition, although a subimage

Theorem 3.19Let (X, Rs,) be descriptive proximal
relator space and S € X.

(1) If S is a semigroup in X, then S is an
approximately semigroup in descriptive proximal
relator space.

(2) If I is a left (right, bi) ideal of approximately
semigroup S, then I is an approximately left (right,
bi) ideal of S.

Proof. (1) Suppose that S © X be a semigroup.
From Theorem 3.5.(1), @ #S S ®*S. Hence
Xy €EPS, Vx,y€ESand (x-y)-z=x-(y 2)
property holds in ®*S, Vx,y,z€S. Then S isan
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approximately semigroup in descriptive proximal
relator space.

(2) Suppose that I be a left ideal of approximately
semigroup S, that is SI € I. We know that § <
@*S. Hence, by Theorems 3.5.(5) and 3.8,,

S(@*I) € (P*S)(P*I) = O*(SI) € D*I.

As a result ®*[ is a left ideal of approximately
semigroupS, and so [ is an approximately left ideal
of S. We can easily prove that [ is a approximately
right ideal of S. Therefore, I is an approximately
left, right or bi-ideal of S.

The Theorem 3.19. prove that the concept of
approximately semigroup (left, right or bi-ideal) is a
generalized concept of a semigroup (left, right or
bi-ideal).

Theorem 3.20.Let (X, Rs,) be descriptive proximal
relator space and S € X be a semigroup and A €
S.

(1) If A is a subsemigroup of S, then @ # ®.4 is a
subsemigroup of S.

(2) If I is a left (right, bi) ideal of S, then @ + ®.[ is
a left (right, bi) ideal of ®.S.

Proof. (1) Suppose that A be a subsemigroup of S,
then by Theorems 3.9. and 3.5.(4),

(@.4)(D.4) € .(44) € .A.

Consequently @ # ®.A4 is a subsemigroup of S €
X.

(2) Suppose that I is a left ideal of S, thatis SI C I.
Then, by Theorems 3.9. and 3.5.(4),

(@.8)(®.]) € D.(SI) € D.I.

As a result @ # &.I is a left ideal of ®.S. The
proofs of other cases can be written in a similar
processes.

Theorem 3.21.Let (X, Rs,) be descriptive proximal

relator space and S € X. If I is a bi-ideal of S, then
it is an approximately bi-ideal of S.

Proof. Suppose that I is a bi-ideal of S. Then, by
Theorems 3.8. and 3.5.(5),

(@* 1) (S)(D*]) S (P*1)(D*S)(P*]) < d*(ISI)
c o]

As a result, by Theorem 3.20.(2), ®*I is a bi-ideal of
S, thatis, I is an approximately bi-ideal of S.

Theorem 3.22.Let (X, fR%) be descriptive proximal
relator space and S € X. If I is a bi-ideal of S, then
@ # ®.1 is a bi-ideal of ®.S.

Proof. Suppose that I is a bi-ideal of S. Then, by
Theorems 3.9 and 3.5.(6),

(®.1)(®.S)(P.I) € P.(IS]) € P.1.

Consequently, by Theorem 3.20.(2), @ # ®.I is a bi-
ideal of ®.S.

Theorem 3.23.Let (X, Rs,) be descriptive proximal

relator space and S € X. IfI and ] are right and left
ideals of S, respectively, then

d*(I)) € (®*) N (D7)).

Proof. Suppose that I and J are right and left ideals
of S, respectively. ThenI[J € IS S I and

I] € §] € J. Thus IJ] € I N J. As a result, by
Theorem 3.5.(5) and (7),

o*(I)) € d*(In ) € (®*]) N (D).

Theorem 3.24.Let (X, Rs,) be descriptive proximal

relator space and S € X. If I and ] are right and left
ideals of S, respectively, then

®.(I)) S (@) N (D).

Proof. Suppose that I and J are right and left ideals
of S, respectively. ThenI[J € IS S I and

I] € S§] € ].Thus I] € I n J. Consequently, by
Theorem 3.5.(3) and (4),

®.(I)) € ©.(I N )J) S (D) N (D.)).
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